The massive Dirac equation on a Kerr-Newman background may be solved by the method of separation of variables. The radial and angular equations are coupled via an angular eigenvalue, which is determined from the Chandrasekhar-Page (CP) equation. Obtaining accurate angular eigenvalues is a key step in studying scattering, absorption and emission of the fermionic field.
with an electromagnetic field E + iB = −∇ 1 (r − ia) · (r − ia) (1) i.e., a Coulomb field centred at the imaginary point r = ia = i(0, 0, a) [4, 5, 6] . This field can be used to model a rapidly rotating but effectively massless nucleus [7] and in his thesis [8] JG examined the possibility that the hyperfine splitting observed in muonium could be reproduced by the coupling between electron spin and the frame dragging caused by nuclear rotation in this model [7] . SD studied the spectrum of fermionic quasi-bound states in the vicinity of a small non-extremal black hole with a < M , extending recent work in this area [9, 10] . Both studies required the determination of accurate eigenvalues for the angular eigen-equation, and both studies were impeded by a lack of reliable numerical results in the literature. These studies will be presented in full elsewhere.
The massive Dirac-Kerr-Newman system has been studied in many other contexts. For example, authors have investigated the absence of fermionic superradiance [11, 12] ; scattering and absorption [13, 14, 15, 16, 17] ; and Hawking radiation emission [18, 19] . Our intention here is to provide a solid foundation for possible further work. Let us give three examples of future applications. First, it has been shown [20, 21, 22, 23, 24] that a rotating BH is stable to fermionic perturbations. Nevertheless, the quantative effect of field mass [25] on the fermionic quasi-normal mode spectrum [26] has not been studied. Secondly, field mass is usually neglected when the Hawking emission process is considered [2] . The emission spectrum will change significantly if the Hawking temperature approaches the mass of a particle species of the standard model. Emission of massive scalars by a Kerr-Newman black hole was considered in [27] , but a corresponding study for massive fermions is still lacking. Finally, in recent years there has been much interest in theories with extra dimensions which lead to the possibility of BH creation in hadron colliders [28] . The radial equations for fermionic fields on the brane are closely related to their 4D counterparts [29] , and the angular equations are unchanged. The effect of field mass on emission of fermions from non-rotating holes was recently considered [30] . The method outlined here will be of use to study the emission of massive fermions from rapidly-rotating higher-dimensional black holes. This paper is organised as follows. In Sec. II we introduce the basic equations. In Sec. III we examine the nonrotating limit, and introduce a novel form for the spin-half spherical harmonics. In Sec. IV we make explicit the symmetries of the eigenspectrum. In Sec. V we derive exact expressions for the eigenvalues and eigenfunctions for the special cases aµ = ±aω. In Sec. VI we define a spectral decomposition method for tackling the general case, which leads to a three-term recurrence relation. In Sec. VII we use the recurrence relation to investigate the asymptotic behaviour of the eigenvalue spectrum in the slow-rotation regime. In Sec. VIII we describe some alternative methods used to find eigenvalue solutions, and highlight some errors in previous work. Numerical results are presented in Sec. IX. We examine the dependence of the eigenvalues on aµ and aω, investigate the zeros of the eigenvalue spectrum, and present a gallery of eigenfunctions. We conclude with a brief discussion in Sec. X. Tables of eigenvalues, plus simple but accurate numerical fits to the data, are given in Appendix B.
II. BASICS
In 1976 Chandrasekhar [1] demonstrated how to separate variables for the massive Dirac field on the Kerr spacetime and shortly afterwards, Page [2] extended the analysis to the Kerr-Newman spacetime. More recently, extensions to non-asymptotically flat [31] and other related spacetimes [32] have been considered. In such analyses, the t and φ dependence may be factorised by using the ansatz Ψ(t, r, θ, φ) = e −iωt+imφ Ψ ωm (r, θ), and the Newman-Penrose method is applied [33] . The four components of the wavefunction Ψ ωm can be expressed as products of two radial and two angular functions {R + (r), R − (r), S + (θ), S − (θ)} that obey coupled ODEs. The angular equations are:
Here, a = J/M is the black hole angular momentum parameter, and ω and µ are the frequency and mass of the state under consideration (N.B. the symbol σ ≡ −ω is also used for the frequency in the literature [34] ). S + (θ) and S − (θ) are known as mass-dependent spheroidal harmonics of spin one-half, and λ is the eigenvalue. The eigenvalue can be regarded as the square root of a generalised squared total angular momentum [35] . The solutions depend on two continuous parameters, aω and aµ. For a given aω, aµ, the eigenstates {S + (θ), S − (θ), λ} may be labelled by three discrete numbers: the angular momentum j = 1/2, 3/2, . . ., the azimuthal component of the angular momentum m = −j, −j + 1, . . . , j and the parity P = ±1. When this dependence is to be made explicit, we will write S ± = s=±1/2 S (aω,aµ) jmP and λ = λ (aω,aµ) jmP . Equations (2)- (3), and hence the eigenvalue spectrum and eigenfunctions, exhibit a number of symmetries (see Sec. IV). Knowledge of the spectrum in the quadrant aω > 0, aµ > 0 is sufficient to determine the full spectrum.
The first-order equations (2) and (3) may be combined to obtain a second-order equation,
known as the Chandrasekhar-Page angular equation. In the limit µ = 0 this reduces to the well-known equation for the spin-weighted spheroidal harmonics (see for example Eq. (2.1) in [3] , making the identifications s = −1/2 and
. We find, in the case aµ = 0, it is actually easier to analyse the coupled first-order equations directly.
There have been a number of studies of Eqs. (2-4) over the years [13, 34, 36, 37, 38, 39] . In Sec. VIII we discuss alternative approaches in some detail, to validate our method, and to identify some errors in the literature.
III. EXACT SOLUTIONS FOR a = 0
In the non-rotating limit, a = 0, the equations reduce to
Making the substitution
leads to coupled equations d dθ
These can be written in second-order form,
which is simply the general Legendre equation. The eigenvalues are
where P = ±1 and j is a half-integer. The eigenfunctions are
is an associated Legendre polynomial obeying the Condon-Shortley phase convention, and L = j + P/2 is a non-negative integer. Let us define a set of solutions
where x = cos θ, c jmP = P(L + 1/2) − m and L = j + P/2. It is straightforward to verify that these solutions are normalised so that (12) and that they exhibit the symmetries
Note that by combining these symmetries, we may obtain a further four expressions of similar form. The solutions (11) are closely related to the spin-weighted spherical harmonics of spin-weight half, s=±1/2 Y (N P ) jm (θ), first introduced by Newman and Penrose [40] . We make the identification
The representation (17) was introduced by Goldberg et al. (see [41] , eq. 3.1). The representation of s Y (N P ) jm in terms of Legendre polynomials (Eqs. (11) and (16)) does not seem to be well-known in the literature. These functions arise in the guise of spherical monogenics in geometric algebra [42, 43] , and we find that the representation (11) has many advantages.
IV. SYMMETRIES
The eigenvalue spectrum has the following symmetries
Hence knowledge of the spectrum in the quadrant aω > 0, aµ > 0 is sufficient to determine the full spectrum. In close correspondence with Eq. (13)- (14) , the eigenfunctions have the following symmetries
and combinations thereof. For example, combining (19) and (20) 
V. EXACT SOLUTIONS FOR aω = ±aµ
In the special case that aω = aµ we find that transformation (7) yields the coupled equations d dθ
Again, the solutions are associated Legendre polynomials,
, where L is a non-negative integer. The normalised solutions are
where
and the normalisation factor is
The corresponding eigenvalue is
In the special case m = −j, P = −1 we find b |m|,m,−1 = 1 and λ |m|,m,
The solution for aω = −aµ can be found by considering the symmetry of equations (2) and (3) under the simultaneous transformations
Hence the solutions are
where now L = j − P/2 and b
VI. A SPECTRAL DECOMPOSITION METHOD
An obvious next step is to seek an expansion for the spheroidal harmonics in the basis of spherical harmonics (11) . This was the approach followed by Chakrabarti [37] , who applied the method to the second-order Chandrasekhar-Page equation (4) to find a five-term recurrence relation. Here we apply the method directly to the first-order equations themselves, to recover a three-term recurrence relation. The key advantage of a three-term relation is that it can be solved using robust continued-fraction methods.
Let us begin with the ansatz
where s c (aω,aµ) k mP(j) are expansion coefficients to be determined, and s Y k mP (θ) were defined in (11) . The symmetries (15) and (21) imply that the coefficients are related by
For clarity, we neglect the least-relevant indices, writing ±1/2 c (aσ,aµ)
. Substituting ansatz (30) into equation (2) and using (31) leads to
If we now multiply by Y (−) k and integrate we obtain the matrix eigenvalue equation
and
The Clebsch-Gordan coefficients are only non-zero for k − 1 ≤ k ≤ k + 1. Hence A kk is a tridiagonal matrix, and the eigenvalues λ and vectors b k can be found via linear algebra routines. Alternatively, we can obtain a three-term recurrence relation for the expansion coefficients c
. Using expressions for the Clebsch-Gordan coefficients given in Appendix A it is straightforward to show that
and k = (−1) j−k P. Note that j, k and m are half-integers. The advantage of a three-term recurrence relation is that it can be solved via continued-fraction methods. To obtain numerical results, we followed the approach outlined in [44] , and used a rescaling algorithm described in [45] . The basic idea is to separate out the eigenvalue by writing β k =β k − λ, and write down an expression for the ratio of consecutive terms
The series should converge and this condition gives the possible values for the eigenvalues. In practice, we write the eigenvalue as a continued fraction
This fraction can be continued to a certain level, and then we use the fact that the ratio b k+1 /b k → 0 as k → ∞ to ignore subsequent terms. This is an equation of the form λ = g(λ) which can be solved iteratively, by starting with a guess for λ, evaluating the right had side of (45) , using this as a new estimate of λ and repeating.
VII. ASYMPTOTICS
Below we show that the new three-term recurrence relation (40) may be used to study the eigenspectrum in the small-aω, aµ limit. To understand the opposite limit, aω, aµ → ∞, we recall some key results in the literature.
A. Small aω and aµ
For small values of aω and aµ one may express the separation constant λ as a power series. We start with the continued fraction equation in the form
and expand the separation constant as a Taylor series,
By grouping together like powers of aω and aµ we obtain expansion coefficients,
Λ 02 = Λ 20 (52)
where (for compactness) we have defined the functions
If desired, the series may be continued to higher orders with the aid of a symbolic algebra package. It is straightforward to confirm that the expansion coefficients are consistent with the exact eigenvalues for aω = ±aµ presented in Sec. V and expansions for the massless case (aµ = 0) given in, e.g., [3] . In Sec. VIII we validate against an alternative series expansion in powers of (aω ± aµ) obtained in [34, 36] .
In the massless case (aµ = 0), asymptotic results for the eigenvalue in the large-aω limit were obtained by Breuer, Ryan and Waller [46] . In our notation,
and s = −1/2 and A 3 is given in [46] . Breuer et al. leave the parameter q undetermined. Casals and Ottewill [47] showed that q may be obtained by counting the number of zeros of the solution. We obtain the best match between (61) and our numerical results when we take q = j + z, where z = 0 if |j − m| is even and z = 1 otherwise (see Fig. 2 ). However, we are unable to find a suitable asymptote for the m = j mode. 
C. Large aω and aµ
The solutions with aµ = 0 are a special case of the asymptotic behaviour. This is most easily seen from the Chandrasekhar-Page equation, Eq. (4). When aµ = 0, the terms quadratic in aω can be combined into a single term −a 2 ω 2 sin 2 θS − . As a result, if the eigensolutions are confined to a region near θ = 0 of size ∆θ 1/ √ aω, this term is actually O(aω) and hence we expect λ 2 ∼ aω. It is clear from the results of Breuer et al. [46] , given in Eq. (61), that this is indeed the case for the asymptotic aµ = 0 solutions. If instead we consider the limit aω → ∞, with the ratio r = µ/ω = 0 fixed, there is an additional quadratic term, −a 2 ω 2 r 2 cos 2 θS − , in Eq. (4). It is not possible for both this term and the −a 2 ω 2 sin 2 θS − term to be small simultaneously, and so we expect that λ 2 ∼ a 2 ω 2 in this case. This is borne out by our numerical results. Writing λ = aωλ(r) + · · · , the asymptotic solutionsλ(r) may be found by taking the limit aω → ∞ of the recurrence relation,
and k = (−1) j−k P as before. We can solve this recurrence using the same method outlined in Section VI. The results are shown in Fig. 1 for 0 < r 1. We note that as r → 1, all the positive parity modes converge atλ = 1 and the negative parity modes converge atλ = −1, which is consistent with the aω → ∞ limit of the exact solution for r = 1, Eq. (25) . We have verified numerically that the eigenvalues of the full problem do indeed have a linear slope asymptotically, and that this slope is correctly predicted by the asymptotic solutions shown in Fig. 1 .
VIII. ALTERNATIVE METHODS
As discussed briefly in Sec. II, alternative methods for finding eigensolutions exist in the literature, although some mistakes are also present. Here we seek to review and clarify the present situation.
Suffern, Fackerell and Cosgrove (hereafter SFC) [34] showed that the eigenfunctions could be expressed as an infinite series of hypergeometric 2 F 1 functions, and derived a three-term recurrence relation for the series coefficients ( [34] , Eq. (16)). They showed that the series terminates for the special case aω = −aµ, and derived an exact result compatible with (29) in this case. Their three-term relation can be solved via the continued-fraction method to determine λ. We have verified that the eigenvalues calculated via SFC's recurrence relation agree with the eigenvalues calculated via (33) . A key result presented in SFC was a series expansion of the form
where σ = −ω. Unfortunately, the expansion coefficients presented in Table I of [34] are not all correct (for example, diagonal elements C nn should be zero [36] ). In the second and fourth tables of Table II of [34] , the eigenvalues are only accurate to one decimal place for m = ±1/2 and j = 3/2 and j = 1/2. A five-term recurrence relation was calculated by Chakrabarti [37] ; however, we believe the result should be treated with caution because the numerical eigenvalues presented are incorrect. For example, in Tables I, IIa, IIb and III in [37] , the eigenvalues are wrong, except for the special case aµ = 0. There seems to be a tacit assumption made that the spectrum is symmetric about zero (i.e. that if λ is an eigenvalue then so is −λ), which is not the case for aµ = 0. The correct symmetries of the spectrum are given in Eq. (18) .
Kalnins and Miller [13] also obtained a three-term recurrence relation, and a series expansion in powers of a, viz. λ = r=0 λ r a r . Ranganathan [48] presented exact solutions for the special case ω = ±µ, m = ±j, which are compatible with those given in Sec. V and in SFC [34] .
Batic, Schmid and Winklmeier [36] (hereafter BSW) recently showed that the eigenvalues of (4) satisfy a first order partial differential equation,
whereμ = aµ andν = −aω. Using this PDE, BSW found a method for calculating the series coefficients C rs in SFC's expansion (69). BSW point out that the method applied by SFC to determine the series coefficients is plagued by divide-by-zero problems at certain orders (r, s). BSW describe a method for avoiding the problem, allowing the series expansion to be taken to arbitrary order. We have checked that the expansion coefficients given in [36] are in full agreement with our expansion, Eq. (48)-(57). The non-linear PDE (70) may be solved by the method of characteristics, and BSW show that the characteristic equations can be reduced to a Painlevé III equation [36] . Recently, Batic and Nowakowski [49] (hereafter BN) derived an ordinary differential equation for the eigenvalues at fixed mass-to-frequency ratio r = µ/ω , using analytic perturbation theory. This equation was
Unfortunately, this equation is not correct (see discussion below). In the corrected calculation, the eigenvalue is given once again by a partial differential equation, so a solution is not so easily obtained. We have found that it is possible to adapt the approach of BN in order to derive an alternative recurrence relation for the angular eigenvalues. Following the same notation as BN, we write S + =g 1 / √ sin θ, S − =g 2 / √ sin θ, k = −m, m e = µ and M = a. In deriving the ODE (71), BN introduced functions U =g 
These are equations (3.5)-(3.7) of BN, but we have corrected a factor of 2 in equation (72). BN state correctly that dλ/dM = m e I 1 + ωI 2 , where
BN went on to derive three equations for I 1 , I 2 and a third integral, I 3 = π 0 cos 2 θU (θ) dθ. However, the sign of ω on the left hand side of their third equation (number 3.15) was wrong, with the consequence that they appeared to obtain three independent equations, whereas in reality the third equation was a linear combination of the first two.
The fact that their original solution was not correct was indicated by the consequence that I 3 ≡ 0, while I 3 is the integral of the square of a real function and must therefore be greater than zero.
It is possible to adapt and extend their approach as follows. We introduce two families of integrals, which generalise the integrals used in BN
Due to the symmetry of the eigenfunctionsg 1 (π − θ) =g 2 (θ), and the fact that they are normalised such that π 0g 2 i dθ = 1, we see that J 0 = 2, J 1 = I 1 , L 1 = I 2 and J 2 = I 3 . Multiplying Eq. (72) by sin θ cos 2n−1 θ and integrating we find
Multiplying Eq. (73) by sin θ cos 2n θ and integrating gives
Finally, multiplying Eq. (74) by cos 2n+1 θ and integrating gives
These three relations together can be solved recursively to obtain all of the integrals. For eigenvalues of the system, J n , L n → 0 as n → ∞, and this can be used to solve the recurrences. Combining the three equations gives a five-term recurrence for λ
or a four-term recurrence that now depends on λ
It is clear from the above that it is possible to use the approach of BN to derive the eigenvalues, without resorting to a spectral decomposition. However, the result is a recurrence relation and the nice analytic solution for the eigenvalue derived in the original version of their paper is lost. While it may be possible to modify their approach further to obtain the eigenvalue exactly, we have so far been unable to do this. The recurrences in Eqs. (80)-(81) are more difficult to work with than the three-term recurrence in Eq. (40) and so we have used expression (40) to compute all the results presented in Section IX.
IX. RESULTS
In this section we present some numerical results for the eigenvalues and eigenfunctions of equations (2) and (3). These were computed using the three-term recurrence relation, Eqs. (40)- (43), and the series expansion in spin-half spherical harmonics (30) . We have cross-checked against results from the other techniques (Sec. VIII). As before we separate variables using the ansatz Ψ(t, r, θ, φ) = e −iωt e imφ Ψ ωm (r, θ).
A. Eigenvalues Figure 2 shows eigenvalues for the massless case, µ = 0, for the modes j = 1/2, . . . , 11/2 and parity P = +1. The eigenvalues are split on azimuthal number m. For positive aω the lowest-lying eigenvalue is the m = j mode, which tends to zero as aω → ∞. For negative aω, the symmetries (18) mean that the spectrum looks the same but the ordering of eigenvalues in m is reversed (i.e. the m = −j mode is lowest-lying). It also follows from (18) that, in the massless case µ = 0, the eigenvalues of negative parity P = −1 are found by inversion, λ → −λ.
The lower plots in Fig. 2 compare numerically-determined eigenvalues against asymptotic results of Sec. VII. In the small-aω regime, we use expansion (47), taken to third order. In the large-aω regime, we compare against the asymptotics (61). Note that there does not seem to be a satisfactory asymptote at large-aω for the eigenvalue that approaches zero (e.g. m = j for aω > 0). Figure 3 compares the eigenvalue spectrum for the case aω = aµ (Eq. (25)) with the massless (aµ = 0) spectrum. The j = 5/2 modes are shown here; other modes follow a similar pattern. Observe that the m = j, P = −1 eigenvalue crosses the λ = 0 line at high aω, but no other eigenvalue changes sign. This can be understood by examining the exact result, Eq. (25) . For P = −1, m = −j we obtain λ = −(j + 1/2) + aω and hence λ = 0 when aω = j + 1/2. Likewise, the m = +j eigenvalue is zero when aω = −(j + 1/2). For all other states, the term under the square root in (25) is non-zero for all aω ≥ 0, and hence the eigenvalue does not change sign.
The zeros of the eigenvalue λ are worth some further consideration. Figure 4 shows that, for each j, the m = j, P = −1 mode has zero eigenvalue along a line in the quadrant aω > 0, aµ > 0. We find no evidence to suggest that the eigenvalue of any other m, P mode passes through zero in this quadrant. The zeros in the other quadrants follow immediately from the symmetries of the spectrum (Eq. 18).
In Appendix B we present some tables of numerically-determined eigenvalues, for the j = 1/2 and j = 3/2 modes in the range 0 < aω < 1, 0 < µ/ω < 1. Our intention is to provide a resource for checking and validating future studies. 
B. Eigenfunctions
Figures 5 and 6 show the eigenfunctions S + (θ) (red) and S − (θ) (blue) of the j = 1/2 and j = 3/2 modes, for a range of aω ≥ 0 and aµ ≥ 0. Figure 5 shows the massless spheroidal harmonics (aµ = 0). The solid line represents the spherical (a = 0) harmonics, and the broken lines represent the spheroidal harmonics with aω = 1, 2, 3 and 4. As the rotational coupling increases, the eigenfunctions show a tendency to increase in magnitude near the poles (θ ∼ 0
• , θ ∼ 180 • ), and decrease in magnitude around the equatorial plane (θ = 90
• ). Figure 6 shows j = 1/2, j = 3/2 eigenfunctions for the special case ω = µ, in the range aω = 0 . . . 4. In this case, the eigenfunctions are known in closed form (27) . The plot makes it clear that the eigenfunctions of the P = +1, m = ±j, aµ = aω mode do not depend on aω. For the other modes, we again see a general 'enhancement' towards the poles.
The eigenfunctions plotted in Figs 5 and 6 exhibit the symmetries stated in Eq. (19)- (20) . For example, the reflection symmetry S + (θ) = P(−1) j+m S − (π − θ) is obvious. In the massless case (Fig.5 ) there is also a clear symmetry under parity change P = −P; whereas in the general case, this only holds if we simultaneously flip the sign of the mass (µ → −µ). Solutions for arbitrary aω, aµ can be found by applying the symmetries (19) - (21) to the solutions in the first quadrant. Figure 7 shows the influence of field mass on the shape of the eigenfunctions. Here, we plot the eigenfunctions of the j = 1/2, j = 3/2 modes, for mass-to-frequency ratios µ/ω from zero to two. In general, it would seem that mass seems to lead to additional structure in the eigensolutions around the equatorial plane. However, we defer any attempt at physical interpretation to a future in-depth study.
X. CONCLUSION
We have described a technique for the determination of eigenvalues and eigenfunctions of the angular equation for the massive Dirac field on a rotating black-hole background. By carrying out a spectral decomposition of the angular eigenfunctions, we obtained a three-term recurrence relation. Exact eigenvalues can be easily and quickly obtained by numerically solving the three-term relation (40) ; alternatively, they may be estimated from series expansion (47). We have described two alternative methods to obtain the eigenfunctions, including an alternative set of recurrence relations that were derived in an attempt to correct one of the previous attempts to obtain a solution for the eigenvalues [49] . We have tabulated eigenvalues for a range of values of the spin of the central black hole and the mass of the fermion field (Tables I-VI) , and derived fits which reproduce the numerical results to high precision (Tables VII-XII) . The motivation for this work was the need for angular eigenvalues as input for two separate studies -an investigation of bound states in the massless Kerr-Newman background [8] and a study of the spectrum of quasi-bound states in the vicinity of a small black hole [9, 10] . The solution to the radial equation for these two problems will be presented elsewhere, together with an estimate of the error arising from using fitting function Eq. (B1) in place of exact angular eigenvalues.
We hope this work will also be of benefit to other studies, for example, investigations into (i) the effect of field mass on fermionic quasi-normal ringing of black holes; (ii) the effect of particle mass on the Hawking radiation emission spectrum for temperatures close to the mass of the particle species; and (iii) the interaction of brane-localised fermions with rotating higher-dimensional black holes. 
APPENDIX A: CLEBSCH-GORDAN COEFFICIENTS
In this section we give explicit forms for the Clebsch-Gordan coefficients that appear in integrals (37) and (39), and present simplified expressions for C (1) kk and D (1) kk . The relevant coefficients are
Hence the integrals (37) and (39) are
(A11)
APPENDIX B: TABLES OF EIGENVALUES
Numerical eigenvalues for the j = 1/2 and j = /2 modes are tabulated in Tables I-VI . The parameter range is the same as in [37] , aσ = 0 . . . 1 and r = µ/σ = 0 . . . 1. The eigenvalues are accurate to six decimal places, and have been checked using the method of SFC [34] . They disagree with the eigenvalues presented in Chakrabarti [37] , Tables I, IIa, IIb and III. It is possible to find simple polynomial fits that reproduce these eigenvalues with high precision. We take an ansatz of the form, and fit it in the range aω ∈ [−1, 0], r = µ/ω ∈ [0, 1]
The coefficients f nk that reproduce the data in Tables I-VI are tabulated in Tables VII-XII . Eigenvalues λ for j = 1/2, m = ±1/2 and P = +1. In each row, the top line is the m = +1/2 eigenvalue and the lower line is the m = −1/2 value. Here, R is the ratio between mass µ and frequency ω. Eigenvalues λ for j = 1/2, m = ±1/2 and P = −1. In each row, the top line is the m = +1/2 eigenvalue and the lower line is the m = −1/2 value. Here, R is the ratio between mass µ and frequency ω. 
